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5.10.1Numerical Solutions to Differential Equations 4

Your notes
First Order Differential Equations
What is a differential equation?

= Adifferential equationis simply an equation that contains derivatives

4 > . ,
= Forexample 7 = 12X_y is a differential equation

dx

d2x de+7 ~ Seing
T TR

= Andsois

What is a first order differential equation?

= Afirst order differential equationis a differential equation that contains first derivatives but no second
(or higher) derivatives

dy
= Forexample d_ = 12xy2 is a first order differential equation
X
d2x X '
= But ? -5 E + 7x = 5sint is not a first order differential equation, because it contains the
d%x
second derivative
de?

Wait — haven’tl seen first order differential equations before?

= Yesyouhave!

dy
= Forexample 57— = 3x2 isalso afirst order differential equation, because it contains a first

dx

derivative and no second (or higher) derivatives
» But forthat equation you canjust integrate to find the solutiony = x> + ¢ (where c is a constant of
integration)
= |nthis section of the course you learn how to solve differential equations that can’t just be solvedright
away by integrating
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Euler’s Method: First Order /

What is Euler’s method? Your notes

= Euler’s methodis a numerical method for finding approximate solutions to differential equations
= |ttreats the derivativesinthe equation as being constant over short ‘steps’
= Theaccuracy of the Euler’'s Method approximation can be improved by making the step sizes smaller

How do luse Euler’s method with a first order differential equation?

dy
= STEP1: Make sure your differential equationisin d_X = l‘(X, y) form

= STEP 2: Write down the recursion equations using the formulae Yo+l = Y, + h X f(XH, yn) and

X =X =+ h fromthe exam formula booklet
n+1 n
= hinthose equationsis the step size

= the exam question will usually tell you the correct value of hto use

= STEP 3: Use the recursion feature on your GDC to calculate the Euler's method approximation over the
correct number of steps

= thevalues forX0 and yO willcome from the boundary conditions givenin the question

©O Examiner Tip

= Becarefulwithletters - in the equationsin the exam, andinyour GDC’s recursion calculator, the
variables may notbe xandy

= |f an exam question asks you how to improve an Euler's method approximation, the answer will
almost always have to do with decreasing the step size!
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@ Worked example /
Your notes

Y
Consider the differential equation d_X +ty=x+ 1 with the boundary condition y(O) =0.5.

a) Apply Euler's method with a step size of h=0.2 to approximate the solution to the differential

equationat X = 1.
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'F Tfom
Euler's method Yot =Va Hhx f(x,,9,); X, =X, +h {’;tEpQI::;tsrt\?nt E f; rn‘:ll a:t
oo e

dy
9TEE A8 a—x- )(-7.{-'

——"
flx,y)
STEP 2:  y . = ya+0.2%(x.=ya*1)  x_, =%,+0.2
=
W (from
1::51;;"\) ‘F(X“' 7“)
STEP 31 We -neh! ta Sat L} '?rum O ta 1] 50 we
will need 10-0 =5 steps.
o / 7(0)-— 0.5
n Wes Y
© 0.5)
| 0.2 0.6
.4 0.4 0.2 feom GDC
3 0.6 0. 38506
4 0.3 l.oo48
9 l 116384

y()=1.16 (3s..)

b) Explain how the accuracy of the approximationin part (a) could be improved.
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5.10.2 Analytical Solutions to Differential Equations

Separation of Variables

What is separation of variables?

Separation of variables can be used to solve certain types of first order differential equations

d
Look out for equations of the form d_-))(/ = g(X)b(y)

dy
" e a is a function of X multiplied by a function of
= be careful - the ‘function of X’ g(X) may just be a constant!

d
= Forexamplein d_i(/ =6y, g(x)=6anah(y)=y

If the equationisin that form you can use separation of variables to try to solve it
If the equationis not in that form you will need to use another solution method

How do I solve a differential equation using separation of variables?

STEP1: Rearrange th tioninto the rm{L\Q= (x)
. Rearrange the equatio otheTo b(y)}dx g

\

STEP 2: Take the integral of both sides to change the equationinto the form
1
f—dy=fg(X) dx
h(y)

= You can think of this step as ‘multiplying the dx acrossand integrating both sides’
= Mathematically that’s not quite what is actually happening, but it will get you the right answer
here!
STEP 3: Work out the integrals on both sides of the equation to find the general solution to the
differential equation
= Don’tforgettoinclude a constant of integration
= Althoughthere are twointegrals, you only need to include one constant of integration
= Lookoutforintegrals that require you to use partial fractions to solve them
= See ‘Integrating with Partial Fractions’in 5.9 Advanced Integration
STEP 4: Use any boundary orinitial conditions in the question to work out the value of the integration
constant
STEP 5: If necessary, rearrange the solutioninto the form required by the question
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O Examiner Tip /

Your notes
= Be careful withletters - the equation onan exam may not use X and V' as the variables

= Unless the question asks forit, you don’t have to change your solutioninto ¥ = f(X) form -
sometimes it might be more convenient to leave your solution in another form
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@ Worked example

For each of the following differential equations, either (i) solve the equation by using separation of

variables giving your answerinthe form y = f(X) or (i) state why the equation may not be solved
using separation of variables.

dy e*+4x
dx 3y

a)

STEPL: 3y*ql=e’+'x  sl0ze’six b =3
HEE & 537137 = ( e+ 4x) dx
4 ‘[———Uon"t {'orﬁat Can)to.nt

STEPR 3¢ 7’ = ex + 2)(1 * c of ‘nntera.t:on

STEP Li"' NO Eaunéo.r‘r r_ana;t;uns j.-vqn, Y- _slt.nt-: 512?

STEP S : 7:3[@:«')_,&:,(; 7:{@
dy
b) E—4xy—21nx.

ley" 2."‘\)( ;5 ﬂot o‘? tLQ. 'Ferm 5(7‘.)\'\(7),
So it mm7 nol be so\ve.J usinj sgro.ro.-t;an

AT o (R
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dy
dx =2y2+ 2y, gventhat y =2 whenx =0.

| d .
STEPl'?Ty-E% =2 3()\):2 \..(7):7 .\.7

STEP 2: S—y‘l—){ = &

?al‘t ic.l 'Fro.c.'t :ons

——t——
\
step3: (i dy = S(3-qm)dy = Wlghlee
Dﬂﬂ't {'ijﬂt consto.nt
ln l—%_——‘\ = 2x+ c\_[’. of 'u'\tej\'o.t'lon
e 2 when x=0

STEP 4: o |ms7| = 2(0)v e => c = 1a(3)

STEP 5: For The beuﬂlarr PRRD L - 5 ¢ 3 -7—{-—' g 6

-T'Inerefofe, we con Jror tL,¢ “OJUL’& S;Sﬂ {ro.-. l?l:-f ‘

YR

__L » 2% + la (*h) & (e“)(gl"(v’))

=1
7+| == ) 3Q.

I
3-2e™

=7 | y= y=fx)
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Homogeneous Differential Equations

What is ahomogeneous first order differential equation?

dy [y

= |f afirst order differential equation can be writteninthe form —/— = f{—‘ thenitis saidto be
dx \x)

homogeneous
How do | solve ahomogeneous first order differential equation?

= These equations canbe solved using the substitution V=" < y = VX

X
o f7)
= STEPT:If necessary, rearrange the equationinto theform —4/— = 1| —

dx “\x)
. Y o
= STEP 2: Replace allinstances of ; inyour equationwithv
dy
= STEP 3: Use the product rule and implicit differentiation to replace a in your equation with
N dv
VTrX—/—
dx
Thisisb =vx = dy_ d(VX)_Vd(X)'l‘Xd(V)_V'l‘XdV
] isisbecause Yy = - = =V - = -
Y dx dx dx dx dx

= STEP 4: Solve your new differential equation to find the solutionin terms of vand x

= Youmay need to use other methods for differential equations, such as separation of variables, at

this stage

What else should | know about solving homogeneous first order differential equations?

= After finding the solutionin terms of y and x you may be asked to do other things with the solution

= Forexample you may be asked to find the solution corresponding to certain initial or boundary

conditions
= Oryoumay be asked to express your answerin a particular form, such as y = f(x)
= |tissometimes possible to solve differential equations that are not homogeneous by using the

substitution v= —
X

= Forsuchasituationinanexam question, you would be told explicitly to use the substitution
= Youwould not be expected to know that you could use the substitutionin a case where the
differential equation was not homogeneous
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O Examiner Tip /

Your notes
= Unless the question asks forit, you don’t have to change your solutioninto y = f(x) form -

sometimes it might be more convenient to leave your solution in another form
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@ Worked example
dy

Consider the differential equation Xyd— = y2 — x2 where y=3 when x=1.
X

a) Show that the differential equationis homogeneous.

A N . X
=) jf - j‘x—?;x_= %‘%‘(’/A‘(—;/:):?GT)

=> The acLuaT.io.n 1 LOMOanQO\JS.

Y
Use the substitution V= — to solve the differential equation with the given boundary
X

condition.
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d \
S'FE:P 1_: -333 = (7/;) = Z??:B } feom Pmrt (o)

sTEP 2: Let v=l Then 4L = vy

4 e}
dx "

STEP 3: A.d 7=vx = %‘:-= v+x-§l—:-

|
So \/+)(-A—:—:V—""'——"> )(.éi-z—-

1
v e 2
STEP q_: S'ZV C!V — S—-;z; JX Sqraro.‘t;on of vn.\";o-LlQS
on't Forgel conslonl
v =2 -2lalxl*c = ¢~ la(x") 7 - :

nﬁ intejrmtion

ETEP 5¢ (—%—)1" c-la(x?) = 71 = X (c a (x* )
Now vse the LounJar?( tavt Tinm

Aad y (D=3, so (3) = (1) (- 1a() => c= 9

71‘ = X‘l (q = ‘n (x"))

G--'Est:oﬂ :loﬂ.sﬂ't o.jk ‘Fef snlut:ov\ 't.q bq \n Y='f('x) ‘Yon—n,
go L's eosiest jus'[ t. \gqqf it ke this.
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Integrating Factor
What s anintegrating factor?

= Anintegrating factor can be used to solve a differential equation that can be writtenin the standard

d
form =+ pl(x)y = (x)

= Be careful - the ‘functions of x’ p(x) and g(x) may just be constants!

y
= Forexamplein a + 6y= e_zx,p(x) =6and g(x) = e ¥
1

=12, p(x) == andq=12

d
= Whilein hicd + Tx

Y
dx 2x
fp(x) dx

= Foranequationinstandard form, the integrating factoris €

How do luse anintegrating factor to solve a differential equation?

= STEPT:If necessary, rearrange the differential equationinto standard form
= STEP 2:Find the integrating factor
= Note thatyoudon’t needtoinclude a constant of integration here when youintegrate [p(x) dx
= STEP 3: Multiply both sides of the differential equation by the integrating factor
= This will turn the equation into an exact differential equation of the form

relrt 00)= g(rge fo o
X

= STEP 4:Integrate both sides of the equation withrespect to x

f p(x) dx

= Theleft side willautomatically integrateto Y€

d
= Fortherightside, integrate fq(x)e/p(x) XdX using your usual techniques forintegration

= Don’tforgettoinclude a constant of integration
= Althoughthere are twointegrals, you only need to include one constant of integration
STEP 5: Rearrange your solution to getitin the formy = f(x)

What else should | know about using an integrating factor to solve differential equations?

= After finding the general solution using the steps above you may be asked to do other things with the
solution
= Forexample you may be asked to find the solution corresponding to certain initial or boundary
conditions
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@ Worked example /

Your notes
. . . @ 2
Consider the differential equation =2Xxy+ 5eX where y=7 when x=0.

dx

Use anintegrating factor to find the solution to the differential equation with the given boundary
condition.
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Integrating factor for [ {'Fr evnl
P | f
d 2 .
SR K —J%_lx)’ = Se px)=-7x ‘L(x)=53*
1
STEP 2. es'l" d _ e X

STEP 3 (_‘.‘)’_ . ’)_x7) e 2(5 e"z)e_ﬂ
%

_EI_._(7e"’“1) = 5 Exscl diffecential ecLuo-t:on

. Doa't Forqel con Toal
STEY 4 7& . = S S Ax a SX+C of Zntj:j\’:t":"

2
STEP 5 7(-.'.9_1‘t (Sxi-r_')
Now vse the hoonclo.rr N s o N
—]Seo(S(O)'fc_) => C:.—I

= e*1(5x+7)
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5.10.3 Modelling with Differential Equations

Modelling with Differential Equations
Why are differential equations used to model real-world situations?

= Adifferential equationis an equation that contains one or more derivatives
= Derivatives deal withrates of change, and with the way that variables change with respect to one
another
= Therefore differential equations are a natural way to model real-world situations involving change
= Most frequently inreal-world situations we are interested in how things change over time, so the
derivatives used will usually be withrespecttotime t

How do | set up a differential equation to model a situation?

= Anexam question may require you to create a differential equation frominformation provided

= The question will provide a context from which the differential equationis to be created

= Most often this willinvolve the rate of change of a variable being proportional to some function of the
variable

= Forexample, the rate of change of a population of bacteria, P, at a particular time may be
proportional to the size of the population at that time

= The expression ‘rate of’ (‘rate of change of...’, ‘rate of growth of...’, etc.)inamodelling questionis a

strong hint that a differential equationis needed, involving derivatives withrespect to time t

dP
= Sowith the bacteria example above, the equation willinvolve the derivative E
= Recall the basic equation of proportionality
= |fyisproportional to x, theny = kx for some constant of proportionality k
dP
= Soforthe bacteria example above the differential equation needed would be E =kP

= The precise value of k will generally not be known at the start, but willneed to be found as part of
the process of solving the differential equation
= |tcanoftenbe usefultoassume that k> O when setting up your equation
= |nthiscase, -k will be usedin the differential equation in situations where the rate of change s
expected to be negative
= Sointhe bacteria example, if it were known that the population of bacteria was decreasing,

dpP

then the equation could instead be written —— = — kP

dt
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@ Worked example

a)

In a particular pond, the rate of change of the area covered by algae, A, at any time tis directly
proportional to the square root of the area covered by algae at that time. Write down a
differential equation to model this situation.

.i.ﬁ- = k\j’ﬂ— (w\,\g‘-g k v & ceailaal

of ?rcfort;onml |t7)

Newton'’s Law of Cooling states that the rate of change of the temperature of an object, T, at
any time tis proportional to the difference between the temperature of the object and the
ambient temperature of its surroundings, T,, at that time. Assuming that the object starts off
warmer thanits surroundings, write down the differential equation implied by Newton’s Law of
Cooling.

The o'b_jer.t ‘s mSSuvﬂﬂ.A ta 'ba. wormer 5 £ EENEeS Z'ts
Sorrounclinjs‘ So T- -To.? (0]

dT ‘(

—:l.‘_t_: -k(T-T@

(w\nq.re k>0 is o constant of f”‘fm—t;‘“‘““t?)

\

Ve exfec.t 't'l.-.q ‘[szan..ture 't.o \:Q -ler.ﬂzms:ﬂs,

s0 ~k in the et,o.t:.m smbiaan il =0
iT

assures thet =— s ﬂnjat?we_

dt
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The Logistic Equation

What is the logistic equation?

dN

= Thedifferentialequation = = kNisa very simple example of amodelin which the rate of change

dt

of apopulationatany momentin time is dependent on the size of the population (N) at that time

= Thesolutionis N = Aekt (where A> Oisaconstant)
= |fk> O, thisrepresents unlimited exponential growth of the variable N
= |nmany real-world contexts (for example when considering populations of living organisms), unlimited
growthis not arealistic modelling assumption
= Forreproducing populationsitis logical to assume that the rate of change of the population will be
dependent on the size of the population (more rabbits means more production of baby rabbits!)
= Butthere are generally limiting factors on populations that prevent them from growing without
limits
= Forexample, availability of food or otherresources, or the presence of predators or other
threats, may limit the population that can exist in a given area
= Alogistic equationincorporates suchlimiting factors into the model, and therefore can provide a more
realistic model forreal-world populations
= The standard logistic equationis of the form

ﬂ—kN( N)
dr W\

= trepresentsthe time (since the moment defined as t = 0) that the population has been growing
= Nrepresents the size of the population at time t
» k €Risaconstant determining the relative rate of population growth
= Forthe models dealt with here itis most commonto have k > O, with alarger value of k
representing a fasterrate of change

» 4 € R isaconstantthat places alimit on the maximum size to which the population N can grow
= Forapopulationmodelit canbe assumedthata> 0O
= Fork> O andaninitial population Ng such that O < Ng < a, the population N will grow and will
converge to thevalue a as time tincreases
= Fork <O andaninitial population Ng such that O < Ng < a, the population N will shrink and will
converge to the value aastime tincreases
= There are other forms of logistic equation
= The exactform of the logistic equation you are to use will always be givenin an exam question

How do | solve problems that involve alogistic equation model?

= Solving the differential equation will generally involve the technique of separation of variables
= Usually this will also involve rearranging one of the integrals using partial fractions (see the worked
example below for an example)
= You willusually be given ‘boundary conditions’ specific to the context of the problem
= Forexample, youmay be told the initial population at time t =0
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= These conditions will allow you to work out the exact value of any integrating constants that occur /
while solving the differential equation
= You willneedto take account of the context of the question in answering the question orin Your notes

commenting on the model used
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@ Worked example /

Your notes
A group of ecologists are studying a population of rabbits on a particularisland. The population of

rabbits, N, on theisland is modelled by the logistic equation

dN
s =0.0012N(1500— N)

where trepresents the time inyears since the ecologists began their study. At the time the study
begins there are 300 rabbits on theisland.

a) 1500e!-8¢
Show that the population of rabbits at time t years is givenby N = ——————
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4

\
SN(ISOO-N) C‘N = 0.00:\2 St]t s‘l’“"‘ﬁtiﬂﬂ of vaciables Your notes
S (?‘J. - m):\l\] = 1.3 S&t Poclial fraclions

Don't &afstt constoant

‘“ \?—-L:]m\ 7 L e of 'lntljfo.t‘!on

/"ﬁf\:e‘
.81
\500-N Ae
N —_ N _|.._n_ N
0<N<I , s©0 N-15001 - =~ N-1500 - 1S00-N
200 B 1.8(0) § Wsg SmcTial
N(o) = 300, 50 \S00-1300 ﬂe. '_'> ﬂ_ Y condition
s N L ovst N MN st
= 1s00-N 4 € — 1s00-N ¢

1.8t
>IN 1500 ¢
— - \-Bt Rtnrrmnjﬂ.
S
b) Find the population of rabbits that the model predicts will be on the island two years after the
beginning of the study.
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1.8(2) o ,

00 ¢ 1500 e” Your notes
N (2) = T 8 T Ty. e =1352.210..

195 ro.‘)‘:;'ts Rovad To maaresT rabbil

c) Determine the maximum size that the model predicts the population of rabbits can grow to.
Justify your answer by an appropriate analysis of the equationin part (a).

kae l:m:t to cleterm'.ne. \ona‘t‘lrm Be\na.v;oa("

1.8t
Vien a0 ¢ . lim V9500 = is00
't__.)m "i'* e\ﬁt - t-—)m q‘ +i - 0"'" o ‘SOO
e\-Bt
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